Published by Institute of Physics Publishing for SISSA Received: July 28, 2005 Accepted: September 6, 2005 Published: September 19, 2005

Perturbative versus nonperturbative dynamics of the fuzzy S^2× S^2

Takehiro Azuma,^a Subrata Bal,^{bc} Keiichi Nagao^{ad} and Jun Nishimura^{ae} aHigh Energy Accelerator Research Organization (KEK) 1-1 Oho, Tsukuba 305-0801, Japan bDepartment of Physics, Kyoto University Kitashirakawa, Kyoto 606-8502, Japan cTheoretical Physics Laboratory The Institute of Physical and Chemical Research (RIKEN) 2-1 Hirosawa, Wako, Saitama 351-0198, Japan dTheoretical Physics Laboratory, College of Education, Ibaraki University 2-1-1 Bunkyo, Mito, Ibaraki 310-8512, Japan eDepartment of Particle and Nuclear Physics Graduate University for Advanced Studies (SOKENDAI) 1-1 Oho, Tsukuba 305-0801, Japan E-mail: azumat@post.kek.jp, subrata@riken.jp, nagao@mx.ibaraki.ac.jp,

jnishi@post.kek.jp

Abstract: We study a matrix model with a cubic term, which incorporates both the fuzzy S^2 × S^2 and the fuzzy S^2 as classical solutions. Both of the solutions decay into the vacuum of the pure Yang-Mills model (even in the large-N limit) when the coefficient of the cubic term is smaller than a critical value, but the large-N behavior of the critical point is different for the two solutions. The results above the critical point are nicely reproduced by the all order calculations in perturbation theory. By comparing the free energy, we find that the true vacuum is given either by the fuzzy S^2 or by the “pure Yang-Mills vacuum” depending on the coupling constant. In Monte Carlo simulation we do observe a decay of the fuzzy S^2 × S^2 into the fuzzy S^2 at moderate N, but the decay probability seems to be suppressed at large N. The above results, together with our previous results for the fuzzy CP^2, reveal certain universality in the large-N dynamics of four-dimensional fuzzy manifolds realized in a matrix model with a cubic term.

Keywords: Nonperturbative Effects, Non-Commutative Geometry, Matrix Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005047 /jhep092005047 .pdf

Contents

1. Introduction and summary 1

2. The model and its classical solutions 3

3. Properties of the fuzzy S^2 × S^2 4

4. Properties of the fuzzy S^2 5

5. The true vacuum 6

6. A transition from the fuzzy S^2 × S^2 to the fuzzy S^2 7

A. Evaluation of the free energy around a classical solution 8

B. Perturbative calculations for the fuzzy S^2 × S^2 9 B.1 One-loop calculation of the free energy 9 B.2 One-loop calculation of various observables 10 B.3 Critical point 12 B.4 All order results 12

C. Perturbative calculations for the fuzzy S^2 13 C.1 One-loop calculations 13 C.2 Critical point 14 C.3 All order results 14

D. Free energy in the Yang-Mills phase 15

1. Introduction and summary

Fuzzy spheres [1], or fuzzy manifolds in general, have recently attracted much attention in various branches of particle physics. One of the motivations comes from the general expectation that the noncommutative geometry, which is characteristic to those manifolds, provides crucial links to string theory and quantum gravity. Indeed Yang-Mills theories on noncommutative geometry appear in a certain low energy limit of string theory [2]. There is also an independent observation that the space-time uncertainty relation, which is naturally realized by noncommutative geometry, can be derived from some general assumptions on the underlying theory of quantum gravity [3]. Another motivation is to use fuzzy manifolds as a regularization scheme alternative to the lattice regularization [4]. Unlike the lattice, fuzzy manifolds typically preserve the continuous symmetries of the space-time considered, and hence it is expected that the situation concerning chiral symmetry [5 – 19] and supersymmetry might be improved.

– 1 –

As expected from the connection to string theory [20], fuzzy manifolds appear as classical solutions in matrix models with a Chern-Simons-like term [21 – 25] and their dynamical properties have been studied in refs. [26 – 39]. One can actually use matrix models to define a regularized field theory on the fuzzy spheres as well as on a noncommutative torus [40], which enables nonperturbative studies of such theories from first principles [41]. These matrix models belong to the class of the so-called dimensionally reduced models (or large-N reduced models), which is widely believed to provide a constructive definition of superstring and M theories [42, 43]. In fact there are certain evidences in the IIB matrix model [43] that four-dimensional space-time is generated dynamically [44 – 47]. In refs. [44 – 46] the free energy of space-time with various dimensionality has been calculated using the gaussian expansion method, and the free energy turned out to take the minimum value for the four-dimensional space-time. In ref. [47] it was found that the fuzzy S^2 × S^2 (but not the fuzzy S^2) is a solution to the 2-loop effective action. See also refs. [48 – 60] for related works on this issue. The fuzzy sphere is also useful [61] in the Coset Space Dimensional Reduction [62, 63].

In view of the variety of contexts in which fuzzy manifolds have been studied, we consider it important to study their nonperturbative dynamics from first principles by Monte Carlo simulations. In ref. [64] we have studied the dimensionally reduced 3d Yang- Mills-Chern-Simons model, which incorporates the fuzzy S^2 as a classical solution [22]. We have observed a first-order phase transition as we vary the coefficient (α) of the Chern- Simons term. For small α the large-N behavior of the model is the same as in the pure Yang- Mills model, whereas for large α a single fuzzy S^2 appears dynamically. The emergence of a fuzzy sphere in matrix models may be regarded as a prototype of the dynamical generation of space-time since it has lower dimensionality than the original dimensionality that the model can actually describe. In ref. [65] we have performed the all order calculations in perturbation theory around the fuzzy S^2 solution following the proposal in ref. [34], and confirmed that the Monte Carlo results for various observables in the “fuzzy sphere phase” can be nicely reproduced. For obvious reasons it is interesting to extend these works to four-dimensional fuzzy manifolds. In ref. [66] we have studied a matrix model incorporating the fuzzy S^4, and in ref. [67] a matrix model, which incorporates the fuzzy CP^2 as well as the fuzzy S^2.

In this paper we study the fuzzy S^2 × S^2, which has been studied extensively in the literature [47, 32, 34, 36 – 39]. We perform perturbative and nonperturbative studies of a 6d Yang-Mills model with a cubic term, which incorporates the fuzzy S^2 × S^2 as well as the fuzzy S^2 as classical solutions. Both of the solutions become unstable (even in the large-N limit) when the coefficient of the cubic term is smaller than a critical value, but the large-N behavior of the critical point is different for the two solutions. The results above the critical point are nicely reproduced by the all order calculations in perturbation theory. By comparing the free energy, we find that the true vacuum is given either by the fuzzy S^2 or by the pure Yang-Mills vacuum depending on the coupling constant. In Monte Carlo simulation we do observe a decay of the fuzzy S^2 × S^2 into the fuzzy S^2 at moderate N, but the decay probability seems to be suppressed at large N.

– 2 –

In fact the above results are qualitatively similar to the fuzzy CP^2 case as far as large- N properties are concerned. This reveals certain universality in four-dimensional fuzzy manifolds realized in a matrix model with a cubic term. In the case of the fuzzy S^4 [66] we had to add a quintic term, which led to a totally different situation. We note, however, that even within matrix models with a cubic term, we have found two directions which lead to qualitatively different results. In ref. [68] it is shown that an additional “mass term” can make various fuzzy sphere solutions almost degenerate at the classical level, and it is possible that the true quantum vacuum is described by a set of coincident fuzzy spheres, giving rise to nontrivial gauge groups. In ref. [69] we have shown that supersymmetry removes the quantum effects, and as a result the single fuzzy sphere becomes always stable if the large-N limit is taken in such a way that various correlation functions scale.

This paper is organized as follows. In section 2 we define the model and discuss its classical solutions. In sections 3 and 4 we study the properties of the fuzzy S^2 × S^2 and the fuzzy S^2, respectively, by performing Monte Carlo simulations and the all order calculations in perturbation theory. In section 5 we determine the true vacuum of the model based on the comparison of the free energy. In section 6 we discuss a transition from the fuzzy S^2 × S^2 to the fuzzy S^2 observed in Monte Carlo simulation. In the appendices we provide the details of our calculations.

Note added. Part of this work has been reported by one of the authors at YITP workshop “Quantum Field Theory 2004”, July, 2004, at a meeting of the Physical Society of Japan, Kochi, Sep. 2004 and at Dublin Institute for Advanced Studies, Dec. 2004. While we were preparing this article, we received a preprint [39], which discusses the phase diagram of a similar model based on the one-loop effective action.

2. The model and its classical solutions

The model we study in this paper is defined by the action

S[A] = N tr � − 1 4 [A_μ , A_ν ]^2 + 2 3 i α f_{μνρ} A_μ A_ν A_ρ � , (2.1)

where A_μ (μ = 1, · · · , 6) are traceless N × N hermitean matrices. Here and henceforth we assume that repeated Greek indices are summed over all possible integers. The rank-3 tensor f_{μνρ} in the cubic term is given by

f_{μνρ} = � � � ϵ_{μνρ} for μ, ν, ρ = 1, 2, 3 , ϵ_{μνρ} for μ, ν, ρ = 4, 5, 6 , 0 otherwise ,

(2.2)

where ϵ_{μνρ} is a totally antisymmetric tensor with ϵ_{123} = ϵ_{456} = 1.

The classical equation of motion reads

[A_ν , [A_μ , A_ν ]] − i α f_{μνρ} [A_ν , A_ρ] = 0 . (2.3)

– 3 –

Figure 1: The observables obtained by Monte Carlo simulation with the fuzzy S^2 × S^2 start are plotted against ᾱ = αN^{14} for N = 16, 25, 36 (i.e., n = 4, 5, 6). The dotted (dashed) lines represent the classical (one-loop) results at large N. The solid lines represent the all order results at large N obtained above the critical point.

In addition to the commutative solution, which exists also for α = 0, it has the fuzzy S^2 ×S^2 solution, which is defined by

A_μ = X^{(n1,n2;k)} μ def= � � � α � L^{(n1)}_μ ⊗ 1_{n2} � ⊗ 1_k for μ = 1, 2, 3 , α � 1_{n1} ⊗ L^{(n2)}_μ � ⊗ 1_k for μ = 4, 5, 6 ,

(2.4)

where L^{(n)}_μ represents the n-dimensional representation of the SU(2) Lie algebra, and the integers n_1, n_2 and k should satisfy N = n_1 n_2 k. Let us define the “Casimir operators”

Q_1 = 3� μ=1 (A_μ )^2 , Q_2 = 6� μ=4 (A_μ )^2 . (2.5)

Plugging the solution (2.4), we obtain Q_j = R_j1_N , where R_j =^1_2 α � (n_j)^2 − 1 for j = 1, 2.

This classical solution (2.4) therefore describes k coincident fuzzy S^2 × S^2 with the radii R_1 and R_2 in the 123- and 456- directions, respectively. If we expand the model around the solution, we obtain the U(k) gauge theory on the fuzzy S^2 × S^2 generalizing the work on the fuzzy S^2 [22]. The classical action for the solution is given by S � X^{(n1 ,n2;k)} � = − N^2α^4 24 � (n_1)^2 + (n_2)^2 − 2 � . (2.6)

In what follows we focus on the symmetric fuzzy S^2×S^2 (n_1 = n_2) and the fuzzy S^2 (n_2 = 1). Monte Carlo simulation is performed using the heat bath algorithm as in refs. [49, 64].

3. Properties of the fuzzy S^2 × S^2

In this section we study the properties of the single (k = 1) fuzzy S^2 × S^2. We perform Monte Carlo simulation taking A_μ = X^{(n,n;1)}_μ as the initial configuration, where n = √ N. Let us consider the expectation value of the action (2.1) and the “extent of space-time”

– 4 –

Figure 2: The observables obtained by Monte Carlo simulation with the fuzzy S^2 start are plotted against α̃ = αN^{12} for N = 16, 25, 36. The dotted (dashed) lines represent the classical (one-loop) results at large N. The solid lines represent the all order results at large N obtained above the critical point. 1 N tr(A_μ )^2 =^1_N tr (Q_1 +Q_2). In figure 1 we plot these quantities obtained by the simulation with N = 16, 25, 36 against ᾱ = α N^14 . We observe a discontinuity at ᾱ ≃ 2.5, which implies the existence of a first-order phase transition. The critical point agrees with the result (B.25) obtained analytically from the effective action.

Above the critical point we can calculate the observables in the large-N limit to all orders in perturbation theory as 1 N^2

⟨S⟩ ≃ − ᾱ^4 12 + 5 2 + 8 ᾱ^4 + 448 3ᾱ^8 + 3520 ᾱ^{12}

+ · · · , (3.1) 1 √ N � 1 N tr(A_μ )^2 � ≃ ᾱ^2 2 − 4 ᾱ^2 − 40 ᾱ^6 − 768 ᾱ^{10} − 18304 ᾱ^{14}

− · · · . (3.2)

(See appendix B.4 for derivation.) This result, as well as the classical and one-loop results, is plotted in figure 1. We observe that the Monte Carlo data for ᾱ > ᾱ_{cr} approach the all order results as N increases.

4. Properties of the fuzzy S^2

Next we study the properties of the single (k = 1) fuzzy S^2. We perform Monte Carlo simulation taking A_μ = X^{(N,1;1)}_μ as the initial configuration. In figure 2 we plot the results for N = 16, 25, 36 against α̃ = αN^12 . We observe a gap at the critical point α̃ ≃ 3.0, which agrees with the result (C.8) obtained from the effective action. The Monte Carlo results above this point agree well with the all order results in perturbation theory at large N, which are given by 1 N^2

⟨S⟩ ≃ − α̃^4 24 + 5 2 + 16 α̃^4 + 1792 3α̃^8 + 28160 α̃^{12}

+ · · · , (4.1) 1 N � 1 N tr(A_μ )^2 � ≃ α̃^2 4 − 4 α̃^2 − 80 α̃^6 − 3072 α̃^{10} − 146432 ᾱ^{14}

− · · · . (4.2)

(See appendix C.3 for derivation.)

– 5 –

Figure 3: The free energy for the k coincident fuzzy S^2 × S^2 (left) and the k coincident fuzzy S^2 (right) is plotted for k = 1, 2, · · · , 6. We have subtracted the irrelevant constants (4 log N and 5 log N, respectively) to make the quantity finite in the large-N limit.

5. The true vacuum

In this section we determine the “true vacuum” by comparing the free energy, which can be obtained to all orders in perturbation theory as 1 N^2

W_{k S}2_{×S} 2 ≃ − ᾱ^4 12k + 4 logᾱ + log

16N^4 k^2 − 15 4 − 8k ᾱ^4 − 224k^2 3ᾱ^8

− · · · , (5.1) 1 N^2

W_{k S}2 ≃ − α̃^4 24k^2

+ 4 log α̃ + log

N^5 k^4 − 11 4 − 16k^2 α̃^4 − 896k^4 3α̃^8

− · · · (5.2)

for the k coincident fuzzy S^2 × S^2 and the k coincident fuzzy S^2, respectively. (See appendices B.4 and C.3 for derivation.) Note that these solutions are stable above the critical points given by (B.25) and (C.8).

Let us first compare the free energy among different values of k. In figure 3 we plot the free energy for the fuzzy S^2 × S^2 (left) and S^2 (right) against ᾱ and α̃, respectively, for various k. The free energy for k > 1 is always larger than that for k = 1, which implies that the dynamically generated gauge group is U(1) for both the fuzzy S^2 × S^2 and the fuzzy S^2 cases.

We therefore take k = 1 and compare the free energy for the fuzzy S^2 ×S^2 and the fuzzy S^2. In order for the single fuzzy S^2 × S^2 to be stable, we need to have ᾱ >ᾱ^{(k=1 S2×S 2)}_{cr} . In that regime, however, α̃ ≃ O(N^{1/4}) and therefore W_{k=1 S}2 ≃ −O(N^3), meaning that the single fuzzy S^2 has much smaller free energy than the single fuzzy S^2 × S^2.

As we have done in ref. [68], we can also calculate the free energy W_{YM} in the Yang- Mills phase for α → 0 in the large-N limit since it should agree with the free energy for the pure Yang-Mills model (α = 0) studied in ref. [71]. We obtain (See appendix D.) 1 N^2

W_{YM} = 3 log N + 6 � −0.33 + log � 3^{1/4}π^{−1/2} � . (5.3)

Comparing this result with (5.2) for k = 1, we find that the true vacuum of this model is given by the single fuzzy S^2 for α̃ > α̃_{cr} and by the pure Yang-Mills vacuum for α̃ < α̃_{cr},

– 6 – where the critical point is

α̃_{cr} ≃ (48 log N)^{1/4} . (5.4)

This result is exact at large N since the calculation of W_{k=1 S}2 and W_{YM} are both reliable at the critical point α̃_{cr}.

Note that the lower critical point α̃^{(l)}_{cr} ≡ α̃^{(k=1 S2)}_{cr} , at which the single fuzzy S^2 becomes unstable, is below α̃_{cr}. On the other hand, from Monte Carlo simulations we find that the upper critical point, at which the pure Yang-Mills vacuum becomes unstable, is α^{(u)}_{cr} ≃ 1.51, which is above α_{cr} ≡^{1√}_N α̃_{cr}. The existence of such three kinds of critical points is typical to first-order phase transitions. In the region α^{(l)}_{cr} < α < α^{(u)}_{cr} we observe a hysteresis behavior in simulations similarly to the one observed in ref. [64].

6. A transition from the fuzzy S^2 ×

Figure 4: The eigenvalues of the “Casimir operators” Q_1 and Q_2 are plotted against the number of the sweeps in Monte Carlo simulation with the fuzzy S^2 × S^2 start. The dashed (dotted) line represents the classical value for the fuzzy S^2 × S^2 (the fuzzy S^2).

S^2 to the fuzzy S^2

For α > α_{cr}, since the true vacuum is given by the fuzzy S^2, we may be able to see the fuzzy S^2 × S^2 prepared as the initial configuration decay into the fuzzy S^2 in Monte Carlo simulations if we make a very long run.

In order to distinguish the classical solutions, it is convenient to look at the eigenvalues of the “Casimir operators” Q_1 and Q_2. In figure 4 we plot the eigenvalues obtained for N = 9 and ᾱ = 2.6 (barely above ᾱ^{(k=1 S2×S 2)} cr ) against the number of the sweeps of the heat-bath algorithm taking A_μ = X^{(n,n;1)}_μ as the initial configuration. For the first 97,000 sweeps all the eigenvalues of Q_1 and Q_2 are fluctuating around the classical value (R_1)^2 = (R_2)^2 ≃ 4.5 for the symmetric fuzzy S^2 × S^2, but after a while the eigenvalues of Q_1 and Q_2 are split into the classical values (R_1)^2 ≃ 45 and (R_2)^2 ≃ 0 for the fuzzy S^2, which indicates that the configuration has become the single (k = 1) fuzzy S^2. In this particular event we observe that the fuzzy S^2 is formed in the 123-directions, but the formation of the fuzzy S^2 in the 456-directions should be observed with equal probability due to the Z_2 symmetry for exchanging the two sets of directions.

We have performed a simulation for N = 16 with the same ᾱ = 2.6 starting again from the fuzzy S^2 × S^2, but the decay is not observed within 10,000,000 sweeps. This suggests that the potential barrier between the fuzzy S^2 × S^2 and the fuzzy S^2 grows with N, and therefore the decay probability is suppressed at large N.

– 7 –

Acknowledgments

We would like to thank Yoshihisa Kitazawa for helpful discussions. The work of T.A. and J.N. is supported in part by Grant-in-Aid for Scientific Research (Nos. 03740 and 14740163, respectively) from the Ministry of Education, Culture, Sports, Science and Technology.

A. Evaluation of the free energy around a classical solution

In this section we formulate the perturbation theory and derive a formula for the free energy. Let us evaluate the partition function Z = � dA e^{−S} around the fuzzy S^2 × S^2 solution X^{(n1,n2;k)} μ at the one-loop level. The measure for the path integral is defined by dA =

�_6 μ=1 �_N 2_{−1}

a=1 dA^a_μ , where A_μ =

�_N 2_{−1} a=1 A^a_μ t^a with t^a being the generators of SU(N) normalized by tr(t^a t^b) = δ_{ab}.

We need to fix the gauge since there are flat directions corresponding to the transformation A_μ → A^g_μ ≡ g A_μ g^†, where g is an element of the coset space H ≡ U(N)/ U(k). In order to remove the associated zero modes, we introduce the gauge fixing term and the corresponding ghost term

S_{g.f.} = − N 2 tr[X_μ , A_μ ]^2 , (A.1) S_{ghost} = −N tr ([X_μ ,c̄][A_μ , c]) , (A.2)

where c and c̄ are the ghost and anti-ghost fields, respectively.

We perform the integration over A_μ perturbatively by decomposing it as A_μ = X_μ +Ã_μ , where X_μ ≡ X^{(n1 ,n2;k)} μ . The partition function can be written as

Z = vol(H) N � dÃ dc dc̄ e^{−S total} , (A.3)

where the total action S_{total} = S + S_{g.f.} + S_{ghost} is given by

S_{total} = S[X] + S_{kin} + S_{int} , (A.4)

S_{kin} = 1 2 N tr � Ã_μ [X_λ , [X_λ , Ã_μ ]] � + N tr � c̄ [X_λ , [X_λ , c]] � , (A.5)

S_{int} = −N tr � [Ã_μ , Ã_ν ][X_μ , Ã_ν ] � − 1 4 N tr � [Ã_μ , Ã_ν ]^2 � + + 2 3 i α f_{μνρ} N tr � Ã_μ Ã_νÃ_ρ � + N tr � c̄ [X_μ , [Ã_μ , c]] � . (A.6)

The volume of the coset space H, vol(H) = vol(U(N))/vol(U(k)), can be obtained by the

formula vol(U(p)) =^{(2π)}

p(p+1) 2 (p−1) !···0 !, and the normalization factor N = (2πN)

−^1_2 (N^2−k^2) can be

obtained by following the usual gauge fixing procedure as in ref. [68]. The prefactors vol(H) and N in (A.3) are omitted in refs. [64, 65] since they are irrelevant for the discussions in those papers, but we need to keep them for the comparison with the free energy in the Yang-Mills phase discussed in section 5.

– 8 –

We calculate the free energy W = − log Z as a perturbative expansion W =

�_∞ j=0 W_j, where W_j = O(α^{4(1−j)} ). The classical part W_0 is given by eq. (2.6). Note that the kinetic term (A.5) can be written as

S_{kin} = N tr � 1 2 Ã_μ (P_λ )^2Ã_μ +c̄ (P_λ )^2c � , (A.7)

where we have introduced the operator P_μ

P_μ M^{def}= [X_μ , M] , (A.8)

which acts on the space of N × N traceless matrices. The one-loop term is obtained as

W_1 = 2 T r^′ log � N(P_μ )^2 � − log {vol(H) N } , (A.9)

where the symbol T r^′ denotes the trace in the space of N × N matrices omitting the zero modes.^1

B. Perturbative calculations for the fuzzy S^2 × S^2

In this section we consider the symmetric fuzzy S^2 × S^2 taking n_1 = n_2 = n(=

�_N

k ) for the solution X_μ = X^{(n1,n2;k)}_μ .

B.1 One-loop calculation of the free energy

In order to solve the eigenvalue problem of the operator (P_λ )^2, let us introduce

Y^{(a,b)}_{lm}^{def}= � Ŷ_{l1,m1} ⊗ Ŷ_{l2,m2} � ⊗ e^{(a,b)} , (B.1)

where Ŷ_{lm} represents n-dimensional matrix spherical harmonics, and e^{(a,b)} is a k ×k matrix whose (a, b) element is 1 and all the other elements are zero. The indices l and m represent the double indices (l_1, l_2) and (m_1, m_2), respectively. The matrices Y^{(a,b)}_{lm} form a complete basis of N × N matrices, and they have the properties tr � Y^{(a,b)†} lm Y^{(a′,b′)}_{l′m′} � = δ_{ll}′ δ_{mm}′ δ_{aa}′ δ_{bb}′ , (B.2)

Y^{(a,b)†} lm = (−1)^{m1} (−1)^{m2} Y^{(b,a)}_{l,−m} . (B.3)

Acting the operator (P_λ )^2 on Y^{(a,b)}_{lm} , we find

(P_μ )^2Y^{(a,b)}_{lm} = α^2 {l_1(l_1 + 1) + l_2(l_2 + 1)} Y^{(a,b)}_{lm} , (B.4)

1Strictly speaking, we have to treat the zero modes for k ≠ 1 more carefully. See ref. [64] for a discussion on this point. This complication, however, does not affect our conclusion concerning the large-N limit with fixed k.

– 9 – which means that Y^{(a,b)}_{lm} are the eigenstates of (P_λ )^2. Thus the first term in eq. (A.9) can be obtained as

2 T r^′ log � N(P_μ )^2 � = 2k^2 n−1�

l_1,l_2=0

′ (2l_1 + 1)(2l_2 + 1) log � Nα^2 {l_1(l_1 + 1) + l_2(l_2 + 1)} �

≃ N^2 � log 16N^3 k^2

− 3 + 4 logᾱ � , (B.5)

where the large-N limit is taken in the second line with fixed k, and the symbol

�_′

implies that the zero modes l_1 = l_2 = 0 are excluded. The second term in eq. (A.9) can be obtained as − log � vol(H) N � ≃ N^2 � log N − 3 4 � . (B.6)

Adding the two terms, we obtain the one-loop contribution W_1 as

W_1 = N^2 � log 16N^4 k^2 − 15 4 + 4 logᾱ � . (B.7)

B.2 One-loop calculation of various observables

In order to calculate various observables in perturbation theory, we need the propagators for Ã_μ and the ghosts, which are given as � (Ã_μ )_{ij} (Ã_ν )_{kl} � 0 = δ_{μν} � ab n−1�

l_1,l_2=0 ′ l_1�

m_1=−l_1 l_2�

m_2=−l_2

(−1)^{m1} (−1)^{m2} Nα^2 {l_1(l_1 + 1) + l_2(l_2 + 1)} ×

× � Y^{(a,b)}_{lm} � ij � Y^{(b,a)}_{l,−m} � kl , (B.8)

⟨(c)_{ij} (c̄)_{kl}⟩_0 = � ab n−1�

l_1,l_2=0 ′ l_1�

m_1=−l_1 l_2�

m_2=−l_2

(−1)^{m1} (−1)^{m2} Nα^2 {l_1(l_1 + 1) + l_2(l_2 + 1)} ×

× � Y^{(a,b)}_{lm} � ij � Y^{(b,a)}_{l,−m} � kl , (B.9)

where the symbol ⟨ · ⟩_0 refers to the expectation value calculated using the kinetic term S_{kin} in (A.5) only.

We also need to obtain the tadpole ⟨Ã_μ ⟩, which can be expressed as

⟨Ã_μ ⟩ = c X_μ (B.10)

with some coefficient c due to the SO(3)×SO(3)× Z_2 symmetry. Since 1 N tr 3� μ=1 (X_μ ⟨Ã_μ ⟩) = c tr 3� μ=1 (X_μ X_μ ) = c 4 α^2 (n^2 − 1) , (B.11)

– 10 – we can obtain the coefficient c by evaluating the left most term in (B.11). At the leading order in 1/α^4, we obtain 1 N tr 3� μ=1 � X_μ ⟨Ã_μ ⟩_{1−loop} � = � tr 3� μ=1 6� ν,ρ=1

(X_μ Ã_μ ) tr � [Ã_ν , Ã_ρ][X_ν , Ã_ρ] � 0 −

− � tr 3� μ=1 6� ν,ρ,σ=1

(X_μ Ã_μ ) tr � 2 3 i α f_{νρσ} Ã_νÃ_ρÃ_σ � � 0 −

− � tr 3� μ=1 6� ν=1 (X_μ Ã_μ ) tr � c̄ [X_ν , [Ã_ν , c]] � � 0 . (B.12)

Using the fact that L^{(n)}_μ can be written as a linear combination of Ŷ_{l=1,m}, we can evaluate (B.12) as tr 3� μ=1 � X_μ ⟨Ã_μ ⟩_{1−loop} � = − 2 Nα^2 k^2 n−1�

l_1,l_2=0

′ (2l_1 + 1)(2l_2 + 1)l_1(l_1 + 1)

l_1(l_1 + 1) + l_2(l_2 + 1)

. (B.13)

From (B.11) we obtain

c = −

8k^2 N^2α^4(n^2 − 1) n−1�

l_1,l_2=0

′ (2l_1 + 1)(2l_2 + 1)l_1(l_1 + 1) l_1(l_1 + 1) + l_2(l_2 + 1)

. (B.14)

Using the propagator and the tadpole obtained above, we can evaluate various observables at the one-loop level. For instance, the “extent of space-time” is given by � 1 N tr(A_μ )^2 � 1−loop = 1 + 2c 2 α^2(n^2 − 1) + n−1�

l_1,l_2=0

′ 6k^2(2l_1 + 1)(2l_2 + 1) N^2α^2 {l_1(l_1 + 1) + l_2(l_2 + 1)}

. (B.15)

At large N with fixed ᾱ ≡ αN^14 , we obtain 1 √ N � 1 N tr(A_μ )^2 � 1−loop ≃ ᾱ^2 2k − 4 ᾱ^2

. (B.16)

The expectation value ⟨S⟩ can be calculated in a similar manner, but it is much easier to calculate it in the following way. Let us define a rescaled action

S(λ, α) = λ N tr � − 1 4 [A_μ , A_ν ]^2 + 2 3 i α f_{μνρ} A_μ A_ν A_ρ � (B.17)

and the corresponding free energy

e^{−W (λ,α)} = � dA e^{−S(λ,α)} , (B.18)

which is related to the original free energy W = W (1, α) through

W (λ, α) = 3 2 (N^2 − 1) log λ + W (1, λ^{1/4}α) . (B.19)

– 11 –

Then we obtain the expectation value ⟨S⟩ as ⟨S⟩ N^2 = 1 N^2

∂W (λ, α) ∂λ � � �_{λ=1} = 3 2 � 1 − 1 N^2 � + 1 4N^2 ᾱ ∂W ∂ᾱ (B.20) ≃ − ᾱ^4 12k + 5 2 . (B.21)

B.3 Critical point

As we see in section 3, Monte Carlo simulations show that the fuzzy S^2 × S^2 decays into the pure Yang-Mills vacuum at some critical point. We can reproduce the critical point by perturbative calculations as follows. Let us consider the one-loop effective action for the rescaled fuzzy S^2 × S^2 configuration

A_μ = � β (L^{(n)}_μ ⊗ 1_n) ⊗ 1_k for μ = 1, 2, 3 , β (1_n ⊗ L^{(n)}_μ ) ⊗ 1_k for μ = 4, 5, 6 ,

(B.22)

which is given at large N as 1 N^2

Γ_{k S}2_{×S} 2 (β̄) ≃ � 1 8 β̄^4 − 1 6 ᾱ β̄^3 � 2 k + 4 log β̄ + log

16N^4 k^2 − 15 4 , (B.23)

where β̄ = βN^14 . The derivation is similar to the calculation of the free energy described in section B.1. (Note that one-particle reducible diagrams do not appear at the one-loop level.) In fact the effective action is one-loop exact in the large-N limit as can be shown by a power counting argument [47]. The effective action has extrema at β̄ satisfying 1 N^2

∂Γ_{k S}2_{×S} 2 (β̄) ∂β̄ = 1 k (β̄^3 −ᾱ β̄^2) + 4 β̄ = 0 . (B.24)

From this we find that the effective action Γ_{k S}2_{×S} 2 has a local minimum if and only if ᾱ >ᾱ^{(k S2×S 2)} cr , where the critical point ᾱ^{(k S2×S 2)}_{cr} is given by

ᾱ^{(k S2×S 2)} cr = 4 3 × (12k)^{1/4} ≃ 2.481613 . . . × k^{1/4} . (B.25)

B.4 All order results

Since the free energy and the effective action are related to each other by the Legendre transformation, we can obtain the free energy by evaluating the effective action at its extremum. Then exploiting the fact that the effective action is one-loop exact, we can evaluate the free energy to all orders in perturbation theory. This method is proposed in ref. [34], and it is applied to other models successfully [67, 65].

Above the critical point ᾱ >ᾱ^{(k S2×S 2)}_{cr} , the value of β̄ that gives the local minimum of the effective action can be obtained by solving eq. (B.24) as

β̄ = f(ᾱ)^{def}= ᾱ 4 � 1 + √ 1 + δ + � 2 − δ + 2 √ 1 + δ � , (B.26)

– 12 – where

δ =ᾱ^{−4/3} (128k)^{1/3} � � � � 1 + � 1 − 1024k 27ᾱ^4

�_{1/3} + � 1 − � 1 − 1024k 27ᾱ^4

�_{1/3}� � . (B.27)

At large ᾱ, the solution (B.26) is expanded as

β̄ = f(ᾱ) =ᾱ � 1 − 4k ᾱ^4 − 48k^2 ᾱ^8 − 960k^3 ᾱ^{12}

− · · · � . (B.28)

Plugging this solution into (B.23), we obtain the free energy to all orders as 1 N^2

W_{k S}2_{×S} 2 ≃ − ᾱ^4 12k + 4 logᾱ + log

16N^4 k^2 − 15 4 − 8k ᾱ^4 − 224k^2 3ᾱ^8 − 3520k^3 3ᾱ^{12}

− · · · . (B.29)

Using (B.20), we obtain the all order result for the expectation value ⟨S⟩ as 1 N^2

⟨S⟩ ≃ − ᾱ^4 12k + 5 2 + 8k ᾱ^4 + 448k^2 3ᾱ^8 + 3520k^3

ᾱ^{12}

+ · · · . (B.30)

We can also calculate other observables to all orders as in ref. [65]. For instance, let us calculate

�_1 N tr(A_μ )^2 � . Since the one-loop contribution comes totally from the tadpole diagrams, which are one-particle reducible (The second term in eq. (B.15) is subleading in N.), we may obtain the all order result by simply replacing ᾱ by the quantum solution f(ᾱ) in the classical result as 1 √ N � 1 N tr(A_μ )^2 � ≃ 1 2k f(ᾱ)^2 = ᾱ^2 2k − 4 ᾱ^2 − 40k ᾱ^6 − 768k^2 ᾱ^{10} − 18304k^3 ᾱ^{14}

− · · · . (B.31)

C. Perturbative calculations for the fuzzy S^2

In this section we briefly describe the perturbative calculations for the fuzzy S^2 taking n_1 = n(=^N_k ) and n_2 = 1 for the solution X_μ = X^{(n1,n2;k)}_μ .

C.1 One-loop calculations

The one-loop free energy is given at large N by 1 N^2

W_{k S}2 = − α^4N^2 24 (n^2 − 1) + 2k^2 n−1� l=1 (2l + 1) log[Nα^2l(l + 1)] − log � vol(H) N �

≃ N^2 � − α̃^4 24k^2

+ 4 log α̃ + log

N^5 k^4 − 11 4 � , (C.1)

where α̃ = αN^12 . The tadpole is given by

⟨Ã_μ ⟩_{1−loop} = � � � − 8k^2 N^2α^4

X_μ for μ = 1, 2, 3 ,

0 for μ = 4, 5, 6 .

(C.2)

– 13 –

The observables can be evaluated as 1 N � 1 N tr Q_1 � 1−loop = 1 N^2 � tr(X_μ X_μ ) + 2 tr � X_μ ⟨Ã_μ ⟩_{1−loop} � + ⟨tr(Ã_μ )^2⟩_0 �

= α^2 � 1 4N (n^2 − 1) −

4k^2(n^2 − 1) N^3α^4 + 6 Nn^2α^4 n−1� l=1 2l + 1 l(l + 1) �

≃ α̃^2 4k^2 − 4 α̃^2

, (C.3) 1 N � 1 N tr Q_2 � 1−loop

≃ 0 , (C.4) 1 N^2

⟨S⟩_{1−loop} = − α^4 24 (n^2 − 1) + 5 2 + 1 4N^2 � 6(−k^2 − 1) + 2k^2 �

≃ − α̃^4 24k^2 + 5 2 . (C.5)

C.2 Critical point

The critical point can be obtained by considering the effective action for the rescaled fuzzy S^2 configuration

A_μ = � β(L^{(n)}_μ ⊗ 1_k) for μ = 1, 2, 3 , 0 for μ = 4, 5, 6 .

(C.6)

The effective action is obtained in the large-N limit as 1 N^2

Γ_{k S}2 (β̃) ≃ � 1 8 β̃^4 − 1 6 α̃ β̃^3 � 1 k^2

+ 4 log β̃ + log

N^5 k^4 − 11 4 , (C.7)

where β̃ = β √ N. The critical point is obtained as

α̃^{(k S2)}_{cr} = 4 3 × 24^{14} √ k = 2.9511518 · · · × √ k . (C.8)

C.3 All order results

Above the critical point α̃ > α̃^{(k S2)}_{cr} , the effective action has a local minimum at

β̃ = g(α̃)^{def}= α̃ 4 � 1 + √ 1 + ε + � 2 − ε + 2 √ 1 + ε � , (C.9)

ε = α̃^{−4/3} (256k^2)^{1/3} � � � � 1 + � 1 − 2048k^2 27α̃^4

�_{1/3} + � 1 − � 1 − 2048k^2 27α̃^4

�_{1/3}� � . (C.10)

The all order result for the free energy can be obtained by substituting β̃ = g(α̃) in (C.7). 1 N^2

W_{k S}2 ≃ − α̃^4 24k^2

+ 4 log α̃ + log

N^5 k^4 − 11 4 − 16k^2 α̃^4 − 896k^4 3α̃^8 − 28160k^6

3α̃^{12}

− · · · . (C.11)

– 14 –

The expectation values of observables can be calculated at large N as 1 N^2

⟨S⟩ ≃ − α̃^4 24k^2 + 5 2 + 16k^2 α̃^4 + 1792k^4 3α̃^8 + 28160k^6 α̃^{12}

+ · · · , (C.12) 1 N � 1 N tr Q_1 � ≃ α̃^2 4k^2 − 4 α̃^2 − 80k^2 α̃^6 − 3072k^4 α̃^{10} − 146432k^6 ᾱ^{14}

− · · · , (C.13) 1 N � 1 N tr Q_2 � ≃ 0 . (C.14)

D. Free energy in the Yang-Mills phase

In ref. [71] the free energy for the pure Yang-Mills model (α = 0) is calculated as 1 N^2

F ≃ D � f_D + 1 2 ln � � D 2 N � − 1 2 ln π � , (D.1)

where D is the number of bosonic matrices, which is D = 6 in the present case, and the third term is added to adjust the normalization of the measure to the one used in the present paper. The “free energy density” f_D can be calculated analytically by the 1/D expansion [49], and one obtains f_∞ = −1/4 at D = ∞. For D = 6 the gaussian expansion method [71] gives f_6 = −0.33 (the convergence is clear up to order 7). Therefore the free energy in the Yang-Mills phase of our model is given at large N as 1 N^2

W_{YM} ≃ 3 log N + 6 � −0.33 + log � 3^{1/4}π^{−1/2} � , (D.2)

if α is sent to zero in the large-N limit. Finite α corrections should be O(α^2) due to the parity symmetry of the pure Yang-Mills model.

References

[1] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[2] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032 [hep-th/9908142].

[3] S. Doplicher, K. Fredenhagen and J.E. Roberts, The quantum structure of space-time at the Planck scale and quantum fields, Commun. Math. Phys. 172 (1995) 187 [hep-th/0303037].

[4] H. Grosse, C. Klimčík and P. Prešnajder, Towards finite quantum field theory in noncommutative geometry, Int. J. Theor. Phys. 35 (1996) 231 [hep-th/9505175].

[5] H. Grosse and J. Madore, A noncommutative version of the Schwinger model, Phys. Lett. B 283 (1992) 218;

H. Grosse and P. Presnajder, The Dirac operator on the fuzzy sphere, Lett. Math. Phys. 33 (1995) 171;

H. Grosse, C. Klimčík and P. Prešnajder, Field theory on a supersymmetric lattice, Commun. Math. Phys. 185 (1997) 155 [hep-th/9507074]; N = 2 superalgebra and non-commutative geometry, hep-th/9603071.

– 15 –

[6] U. Carow-Watamura and S. Watamura, Chirality and Dirac operator on noncommutative sphere, Commun. Math. Phys. 183 (1997) 365 [hep-th/9605003]; Noncommutative geometry and gauge theory on fuzzy sphere, Commun. Math. Phys. 212 (2000) 395 [hep-th/9801195].

[7] H. Grosse and P. Prešnajder, A treatment of the Schwinger model within noncommutative geometry, hep-th/9805085; A noncommutative regularization of the Schwinger model, Lett. Math. Phys. 46 (1998) 61.

[8] A.P. Balachandran and S. Vaidya, Instantons and chiral anomaly in fuzzy physics, Int. J.

Mod. Phys. A 16 (2001) 17 [hep-th/9910129].

[9] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, Mod. Phys. Lett. A 15 (2000) 1279 [hep-th/9911087].

[10] P. Prešnajder, The origin of chiral anomaly and the noncommutative geometry, J. Math.

Phys. 41 (2000) 2789 [hep-th/9912050].

[11] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, II, hep-th/0006216.

[12] J. Nishimura and M.A. Vazquez-Mozo, Noncommutative chiral gauge theories on the lattice with manifest star-gauge invariance, JHEP 08 (2001) 033 [hep-th/0107110].

[13] H. Aoki, S. Iso and K. Nagao, Chiral anomaly on fuzzy 2-sphere, Phys. Rev. D 67 (2003) 065018 [hep-th/0209137].

[14] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation, topological invariants and finite noncommutative geometry, Phys. Rev. D 67 (2003) 085005 [hep-th/0209223].

[15] B. Ydri, Noncommutative chiral anomaly and the Dirac-Ginsparg-Wilson operator, JHEP 08 (2003) 046 [hep-th/0211209].

[16] S. Iso and K. Nagao, Chiral anomaly and Ginsparg-Wilson relation on the noncommutative torus, Prog. Theor. Phys. 109 (2003) 1017 [hep-th/0212284].

[17] A.P. Balachandran and G. Immirzi, The fuzzy Ginsparg-Wilson algebra: a solution of the fermion doubling problem, Phys. Rev. D 68 (2003) 065023 [hep-th/0301242].

[18] K. Nagao, Matrix model and Ginsparg-Wilson relation, Nucl. Phys. 129 (Proc. Suppl.) (2004) 501 [hep-th/0309153].

[19] H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson relation and ’t Hooft-Polyakov monopole on fuzzy 2-sphere, Nucl. Phys. B 684 (2004) 162 [hep-th/0312199].

[20] R.C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

[21] A.Y. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluxes and non-commutative geometry, JHEP 05 (2000) 010 [hep-th/0003187].

[22] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

[23] Y. Kimura, Noncommutative gauge theory on fuzzy four-sphere and matrix model, Nucl.

Phys. B 637 (2002) 177 [hep-th/0204256].

[24] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B 642 (2002) 210 [hep-th/0207115].

– 16 –

[25] Y. Kimura, On higher dimensional fuzzy spherical branes, Nucl. Phys. B 664 (2003) 512 [hep-th/0301055].

[26] H. Aoki, S. Iso, T. Maeda and K. Nagao, Dynamical generation of a nontrivial index on the fuzzy 2-sphere, Phys. Rev. D 71 (2005) 045017 [hep-th/0412052].

[27] S. Bal and H. Takata, Interaction between two fuzzy spheres, Int. J. Mod. Phys. A 17 (2002) 2445 [hep-th/0108002].

[28] P. Valtancoli, Stability of the fuzzy sphere solution from matrix model, Int. J. Mod. Phys. A 18 (2003) 967 [hep-th/0206075].

[29] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Quantum corrections on fuzzy sphere, Nucl. Phys. B 665 (2003) 520 [hep-th/0303120].

[30] H. Steinacker, Quantized gauge theory on the fuzzy sphere as random matrix model, Nucl.

Phys. B 679 (2004) 66 [hep-th/0307075].

[31] Y. Kimura, Myers effect and tachyon condensation, Nucl. Phys. B 692 (2004) 394 [hep-th/0309082].

[32] T. Imai and Y. Takayama, Stability of fuzzy S^2 × S^2 geometry in IIB matrix model, Nucl.

Phys. B 686 (2004) 248 [hep-th/0312241].

[33] Y. Kimura, Nonabelian gauge field and dual description of fuzzy sphere, JHEP 04 (2004) 058 [hep-th/0402044].

[34] Y. Kitazawa, Y. Takayama and D. Tomino, Correlators of matrix models on homogeneous spaces, Nucl. Phys. B 700 (2004) 183 [hep-th/0403242].

[35] H. Grosse and H. Steinacker, Finite gauge theory on fuzzy CP^2, Nucl. Phys. B 707 (2005) 145 [hep-th/0407089].

[36] Y. Kitazawa, Y. Takayama and D. Tomino, Wilson line correlators in N = 4 non-commutative gauge theory on S^2 × S^2, Nucl. Phys. B 715 (2005) 665 [hep-th/0412312].

[37] W. Behr, F. Meyer and H. Steinacker, Gauge theory on fuzzy S^2 × S^2 and regularization on noncommutative R^4, JHEP 07 (2005) 040 [hep-th/0503041].

[38] H. Kaneko, Y. Kitazawa and D. Tomino, Stability of fuzzy S^2 × S^2 × S^2 in IIB type matrix models, Nucl. Phys. B 725 (2005) 93 [hep-th/0506033].

[39] P. Castro-Villarreal, R. Delgadillo-Blando and B. Ydri, Quantum effective potential for U(1) fields on S^2_L × S^2_L, hep-th/0506044.

[40] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Finite N matrix models of noncommutative gauge theory, JHEP 11 (1999) 029 [hep-th/9911041]; Nonperturbative dynamics of noncommutative gauge theory, Phys. Lett. B 480 (2000) 399 [hep-th/0002158]; Lattice gauge fields and discrete noncommutative Yang-Mills theory, JHEP 05 (2000) 023 [hep-th/0004147].

[41] W. Bietenholz, F. Hofheinz and J. Nishimura, The renormalizability of 2D Yang-Mills theory on a non-commutative geometry, JHEP 09 (2002) 009 [hep-th/0203151]; J. Ambjørn and S. Catterall, Stripes from (noncommutative) stars, Phys. Lett. B 549 (2002) 253 [hep-lat/0209106];

W. Bietenholz, F. Hofheinz and J. Nishimura, Phase diagram and dispersion relation of the non-commutative λϕ^4 model in D = 3, JHEP 06 (2004) 042 [hep-th/0404020]; On the relation between non-commutative field theories at θ = ∞ and large-N matrix field theories, JHEP 05 (2004) 047 [hep-th/0404179].

– 17 –

[42] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[43] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[44] J. Nishimura and F. Sugino, Dynamical generation of four-dimensional space-time in the IIB matrix model, JHEP 05 (2002) 001 [hep-th/0111102].

[45] H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo and S. Shinohara, Mean field approximation of IIB matrix model and emergence of four-dimensional space-time, Nucl. Phys. B 647 (2002) 153 [hep-th/0204240].

[46] H. Kawai, S. Kawamoto, T. Kuroki and S. Shinohara, Improved perturbation theory and four-dimensional space-time in IIB matrix model, Prog. Theor. Phys. 109 (2003) 115 [hep-th/0211272].

[47] T. Imai, Y. Kitazawa, Y. Takayama and D. Tomino, Effective actions of matrix models on homogeneous spaces, Nucl. Phys. B 679 (2004) 143 [hep-th/0307007].

[48] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Space-time structures from IIB matrix model, Prog. Theor. Phys. 99 (1998) 713 [hep-th/9802085].

[49] T. Hotta, J. Nishimura and A. Tsuchiya, Dynamical aspects of large-N reduced models, Nucl.

Phys. B 545 (1999) 543 [hep-th/9811220].

[50] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, Large-N dynamics of dimensionally reduced 4D SU(N) super Yang-Mills theory, JHEP 07 (2000) 013 [hep-th/0003208].

[51] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, T. Hotta and J. Nishimura, Monte Carlo studies of the IIB matrix model at large N, JHEP 07 (2000) 011 [hep-th/0005147].

[52] J. Nishimura and G. Vernizzi, Spontaneous breakdown of Lorentz invariance in IIB matrix model, JHEP 04 (2000) 015 [hep-th/0003223]; Brane world from IIB matrices, Phys. Rev. Lett. 85 (2000) 4664 [hep-th/0007022].

[53] Z. Burda, B. Petersson and J. Tabaczek, Geometry of reduced supersymmetric 4D Yang-Mills integrals, Nucl. Phys. B 602 (2001) 399 [hep-lat/0012001].

[54] J. Ambjørn, K.N. Anagnostopoulos, W. Bietenholz, F. Hofheinz and J. Nishimura, On the spontaneous breakdown of Lorentz symmetry in matrix models of superstrings, Phys. Rev. D 65 (2002) 086001 [hep-th/0104260].

[55] J. Nishimura, Exactly solvable matrix models for the dynamical generation of space-time in superstring theory, Phys. Rev. D 65 (2002) 105012 [hep-th/0108070].

[56] K.N. Anagnostopoulos and J. Nishimura, New approach to the complex-action problem and its application to a nonperturbative study of superstring theory, Phys. Rev. D 66 (2002) 106008 [hep-th/0108041].

[57] G. Vernizzi and J.F. Wheater, Rotational symmetry breaking in multi-matrix models, Phys.

Rev. D 66 (2002) 085024 [hep-th/0206226].

[58] J. Nishimura, T. Okubo and F. Sugino, Gaussian expansion analysis of a matrix model with the spontaneous breakdown of rotational symmetry, Prog. Theor. Phys. 114 (2005) 487 [hep-th/0412194].

– 18 –

[59] S. Bal, M. Hanada, H. Kawai and F. Kubo, Fuzzy torus in matrix model, hep-th/0412303.

[60] J. Nishimura, Lattice superstring and noncommutative geometry, Nucl. Phys. 129 (Proc.

Suppl.) (2004) 121 [hep-lat/0310019].

[61] P. Aschieri, J. Madore, P. Manousselis and G. Zoupanos, Dimensional reduction over fuzzy coset spaces, JHEP 04 (2004) 034 [hep-th/0310072]; Unified theories from fuzzy extra dimensions, Fortschr. Phys. 52 (2004) 718 [hep-th/0401200].

[62] P. Forgacs and N. S. Manton, Space-time symmetries in gauge theories, Commun. Math.

Phys. 72 (1980) 15.

[63] D. Kapetanakis and G. Zoupanos, Coset space dimensional reduction of gauge theories, Phys.

Rept. 219 (1992) 1.

[64] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Nonperturbative studies of fuzzy spheres in a matrix model with the Chern-Simons term, JHEP 05 (2004) 005 [hep-th/0401038].

[65] T. Azuma, K. Nagao and J. Nishimura, Perturbative dynamics of fuzzy spheres at large N, JHEP 06 (2005) 081 [hep-th/0410263].

[66] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Absence of a fuzzy S^4 phase in the dimensionally reduced 5D Yang-Mills-Chern-Simons model, JHEP 07 (2004) 066 [hep-th/0405096].

[67] T. Azuma, S. Bal, K. Nagao and J. Nishimura, Dynamical aspects of the fuzzy CP^2 in the large-N reduced model with a cubic term, hep-th/0405277.

[68] T. Azuma, S. Bal and J. Nishimura, Dynamical generation of gauge groups in the massive Yang-Mills-Chern-Simons matrix model, Phys. Rev. D 72 (2005) 066005 [hep-th/0504217].

[69] K.N. Anagnostopoulos, T. Azuma, K. Nagao and J. Nishimura, Impact of supersymmetry on the nonperturbative dynamics of fuzzy spheres, hep-th/0506062.

[70] H. Aoki et al., Noncommutative Yang-Mills in IIB matrix model, Nucl. Phys. B 565 (2000) 176 [hep-th/9908141].

[71] J. Nishimura, T. Okubo and F. Sugino, Convergence of the gaussian expansion method in dimensionally reduced Yang-Mills integrals, JHEP 10 (2002) 043 [hep-th/0205253].

– 19 –